We prove that every singular hyperbolic chain transitive set with a singularity does not admit the shadowing property. Using this result we show that if a star flow has the shadowing property on its chain recurrent set then it satisfies Axiom A and the no-cycle conditions; and that if a multisingular hyperbolic set has the shadowing property then it is hyperbolic.
1. Introduction. The geometric Lorenz attractor is one of the most important examples for the flow theory. Its dynamics are rich and robust, but somewhat delicate. Indeed, it shares many important properties with a hyperbolic set while itself is not a hyperbolic set. For instance, it is robustly transitive, robustly with periodic orbits dense, etc., however, unlike a hyperbolic set, it does not admit the robust shadowing property. In fact it does not admit the (honest, non-robust) shadowing property [6] . In this article we show that this no-shadowing phenomenon appears for a wide class of "nearly-hyperbolic" sets, namely, the so called singular hyperbolic sets (among which the geometric Lorenz attractor is a particular example), or more generally, the so called multisingular hyperbolic sets. We will see that the key reason that causes the no-shadowing phenomenon for these sets is the existence of a singularity. Indeed, we will show that every chain transitive multisingular hyperbolic set with a singularity does not admit the shadowing property. This highlights the striking and delicate difference between flows with a singularity and flows without singularities.
Let M be a d-dimensional compact smooth Riemmanian manifold without boundary. Denote by X 1 (M ) the set of C 1 vector fields on M endowed with the C 1 topology. For any X ∈ X 1 (M ), denote by ϕ t = ϕ X t : M → M the flow generated by X. Let Φ t = Φ X t = Dϕ X t be the tangent flow generated by ϕ t . First we state the definition of singular hyperbolic set.
A compact invariant set of ϕ t is called positively singular hyperbolic for X if every singularity in Λ is hyperbolic and if there is a Φ t invariant splitting T Λ M = E ss ⊕E cu with two constants C > 1, λ > 0 such that the following three conditions are satisfied:
(i) E ss ⊕E cu is a (C, λ) dominated splitting, that is, Φ t | E ss (x) · Φ −t | E cu (ϕt(x)) ≤ Ce −λt for any x ∈ Λ and any t ≥ 0;
(ii) E ss is (C, λ)-contracting for Φ t , that is, Φ t | E ss (x) ≤ Ce −λt for any x ∈ Λ and any t ≥ 0;
(iii) E cu is (C, λ)-area expanding, that is, ∧ 2 Φ −t | E cu (x) < Ce −λt for any x ∈ Λ and any t ≥ 0. A compact invariant set Λ is called negatively singular hyperbolic for X if it is positively singular hyperbolic for −X. If Λ is either negatively or positively singular hyperbolic for X, then we say that Λ is singular hyperbolic of X.
The concept of singular hyperbolic set is introduced by Morales, Pacifico and Pujals [11] to characterize Lorenz-like dynamics. Briefly, it is a special kind of partially hyperbolic sets, very close to hyperbolic sets. In fact if a singular hyperbolic set contains no singularities then it reduces to a hyperbolic set. It is not a surprise that a singular hyperbolic set shares many properties with a hyperbolic set, for instance the important expansiveness: it was proved that a singular hyperbolic attractor in 3-dimensional manifold has the K * -expansiveness (see [1] ) and any singular hyperbolic set has the rescaled expansiveness (see [14] ). However, it does not share an important property of a hyperbolic set: the shadowing property.
Recall that, given δ > 0, a sequence of
We say that an invariant set Λ of ϕ t has the shadowing property or the pseudo orbit tracing property if for any ε > 0 there is δ > 0 such that for any δ-
where s i is a sequence with s 0 = 0 and s i − s i−1 = t i for all i. If, in addition, the shadowing points x is contained in Λ, then we say Λ has the intrinsic shadowing property.
Recall that a compact invariant set Λ is called chain transitive if for any x, y ∈ Λ and any δ > 0, there is a δ-pseudo orbit {(x i , t i )} n i=1 in Λ such that x 1 = x, x n = y. We say that a compact invariant set is nontrivial if it does not reduce to a single orbit.
In this article, we prove that every nontrivial singular hyperbolic chain transitive set with a singularity does not admit the intrinsic shadowing property:
Theorem A. Let Λ be a nontrivial singular hyperbolic chain transitive set of ϕ t . If Λ has the intrinsic shadowing property, then it admits no singularity.
The concept of singular hyperbolic set is closely related to the so called star flows. Recall that a C 1 vector field X is called a star vector field if there is a C 1 neighborhood U of X in X 1 (M ) such that for any Y ∈ U, every critical element p of Y is hyperbolic. Here by a critical element we mean either a singularity or a periodic orbit. Since a non-hyperbolic critical element can be easily turned into a hyperbolic one by an arbitrarily small perturbation of the vector field, a structurally stable vector field must have at least the property that every critical element is hyperbolic. Thus the star property is just a simple necessary condition for a system to be structurally stable, and the set of star vector fields constitutes an important class of dynamical systems from the point of view of perturbations. A striking example of star flows is the geometric Lorenz attractor.
We give an application of Theorem A to star flows. The statement needs the notion of chain recurrent set of a vector field. Recall a point x is called a chain recurrent point of X if for any δ > 0, there exists a δ-pseudo orbit {x i } n i=0 with n ≥ 1 such that x 0 = x = x n . The set of chain recurrent points of X is called the chain recurrent set of X, denoted by CR(X). For any x, y ∈ CR(X), we say that x is chain equivalent, written x ∼ y, if for any δ > 0, there exist two δ-pseudo orbits {x i } n i=0 (n ≥ 1) and {y i } m i=0 (m ≥ 1) such that x 0 = x, x n = y and y 0 = y, x m = x. The binary relation ∼ is an equivalent relationship on CR(X). Every equivalent class of ∼ is called a chain class of X. It is easy to see that every chain class is chain transitive. Given a critical element p, denote by C(p) the chain class containing p. Here is an application of Theorem A to star flows. The statement concerns the standard notions of Axiom A and the no-cycle condition of S. Smale (definitions omitted).
Theorem B. If X is a star vector field such that the chain recurrent set CR(X) has the shadowing property, then X satisfies Axiom A and the no-cycle condition. Now we generalize Theorem A to the following Theorem C that refers to the so called multisingular hyperbolic sets introduced by Bonatti and da Luz [2] , which generalizes the notion of singular hyperbolicity and characterizes the star flows. The precise definition of multisingular hyperbolicity will be given in Section 4. Note that characterizing star flows has been a long standing problem proposed by Liao and Mañé in the late seventies of the last century. For flows without singularities, the star property is equivalent to Axiom A plus the no-cycle condition [4] . For flows with singularities, in dimension 3 and on a chain class Λ, the star property is generically equivalent to singular hyperbolicity [16, 10] . In higher dimensions and on a chain class Λ, the star property is genericlly equivalent to singular hyperbolicity as long as singularities of Λ have the same index [12] . Because the notion of singular hyperbolicity forces singularities in a chain class to have the same index, to use singular hyperbolicity to characterize the star flows, the only point that was left in dark is whether every chain class Λ of a generic star flow must have singularities of the same index. Surprisingly, da Luz [2] found a striking example of star flow with a chain class that has, robustly, singularities of different indices. This means that, for the characterization of (generic) star flows, the notion of singular hyperbolicity is too restrictive. Bonatti and da Luz [2] then introduced a notion that relaxes singular hyperbolicity, called multisingular hyperbolity, that allows in particular different indices of singularities in a chain class, and prove that the star property is, on a chain class, generically equivalent to multisingular hyperbolicity. Thus the long standing problem of characterizing the star flows eventually reached a generic answer, formulated in terms of the new notion of multisingular hyperbolic sets. Since then quite some results that hold for singular hyperbolic sets are found to hold also for multisingular hyperbolic sets. The next result generalizes Theorem A from singular hyperbolic sets to multisingular hyperbolic sets.
Theorem C. Let Λ be a nontrivial multisingular hyperbolic chain transitive set of ϕ t . If Λ has the intrinsic shadowing property, then Λ contains no singularity.
The proofs for Theorem A, B and C will be given in the following three sections, respectively.
2. The Proof of Theorem A. Let σ ∈ M be a hyperbolic singularity of X. We call the dimension of its stable space the index of σ, denoted Ind(σ). Denote by W s (σ) and W u (σ) the stable and unstable manifolds for σ. As usual, for any x ∈ M and r > 0, denote by B(x, r) the r-ball centered at x.
The following lemma is standard. For completeness we include the proof here.
Lemma 2.1. Let Λ be a nontrivial chain transitive set and σ ∈ Λ be a hyperbolic singularity, then
Proof. Since σ is hyperbolic, we can find ε 0 > 0 such that, for
It is easy to see that δ < ε ′ . By the assumption that Λ is nontrivial we know that there is a point y ∈ Λ which differs from σ. Without lost of generality we assume d(σ, y) ≥ ε ′ . Since Λ is chain transitive, there is a δ-pseudo orbit {x 0 , x 1 , · · · , x n } such that x 0 = σ and x n = y. By the choice of δ we know that d(
for all i = 0, 1, · · · , n. This contradicts y = x n / ∈ B ε ′ (σ) and proves the Claim.
By the Claim we can find a sequence {x n } with all x n ∈ Λ \ W s ε0 (σ) such that x n → σ as n → ∞. Since x n / ∈ W s ε0 (σ), for n sufficiently large, there is t n such that d(ϕ tn (x n ), σ) = ε 0 and d(ϕ t (x), σ) < ε 0 for all t ∈ (0, t n ). It is easy to see that t n → ∞ as n → ∞. Let y be an accumulation point of {ϕ tn (x n )}, then d(y, σ) = ε 0 , and d(ϕ t (y), σ) ≤ ε 0 for all t ≤ 0. One can check that y ∈ (W u (σ)\{σ})∩Λ. Similar arguments prove that (W s (σ) \ {σ}) ∩ Λ = ∅.
Proof. Assume the contrary that there is x ∈ Λ such that X(x) / ∈ E cu (x). In particular, X(x) = 0. We consider the limit of Φ −t (X(x)) as t → +∞. Since E ss ⊕ E cu is a dominated splitting we know that the direction of Φ −t (X(x)) will converge into E ss (ϕ t (x)) as t → +∞. Since E ss is exponentially expanding by Φ −t , Φ −t (X(x)) will tend to the positive infinity as t → +∞. This contradicts the fact that the norms X(x) for x ∈ Λ are bounded on the compact set Λ.
Since all singular hyperbolic sets Λ considered below are nontrivial, we will generally omit the adjective "nontrivial". Lemma 2.3. Let Λ be a positively singular hyperbolic chain transitive set with splitting
On the other hand, by Lemma 2.2 we know that X(x) ∈ E cu (x) and hence the limit set 
has the intrinsic shadowing property, then the homoclinic point x can be chosen in Λ.
Proof. Let U be a given neighborhood of Λ. We can choose ε > 0 small enough such that d(ϕ t (x), ϕ t (σ)) ≤ ε for all t ≥ 0 implies x ∈ W s (σ) and such that d(ϕ −t (y), ϕ −t (σ)) ≤ ε for all t ≥ 0 implies y ∈ W u (σ). We may assume that ε > 0 is small enough so that for any x ∈ Λ, d(x, y) < ε implies ϕ t (y) ∈ U for all t ∈ [0, 1]. By Lemma 2.1 there are two points x 1 ∈ (W s (σ)\{σ})∩Λ and x 2 ∈ W u (σ)\{σ})∩ Λ. Without loss of generality we assume that ε < d(x 1 , σ). By the assumption of the shadowing property, we can choose ε/2 > δ > 0 such that any δ-pseudo orbit can be ε/2-shadowed by a true orbit. By the chain transitivity of Λ we can find a δ-pseudo orbit {(y i , t i )} n i=0 (n ≥ 1) in Λ such that y 0 = x 2 and y n = x 1 . Let
Since Λ has the shadowing property, we can find a point z ∈ Λ with an increasing homeomorphism θ :
For this point z we can check that d(ϕ t (z), σ) < ε and d(ϕ −t (z), σ) < ε for t big enough. By the choice of ε we know that y ∈ W s (σ) ∩ W u (σ) \ {σ} and Orb(y) ⊂ U . If Λ has the intrinsic shadowing property, then the points y can be chosen in Λ. This ends the proof of the lemma.
In the rest of this section, let Λ be a positively singular hyperbolic set with at least one singularity. By taking T > 0 large we can find and fix η ∈ (0, 1) such that
for all x ∈ Λ. By the invariant manifolds theorem (see [5] or [9, Proposition2.3]), there are local stable manifolds associated with the subbundle E ss , that is, there exists a family of C 1 closed disks {W ss loc (x)|x ∈ Λ} which varies continuously with respect to x such that
for any x ∈ Λ; 3. Φ t | TyW ss loc (x) < η for all x ∈ Λ and y ∈ W ss loc (x). Item 3 guarantees that d(ϕ t (x), ϕ t (y)) → 0 for any x ∈ Λ and y ∈ W ss loc (x). For any y ∈ Λ and z ∈ W ss loc (y), denote by d s (y, z) the distance of y, z in W ss loc (y). By Item 1 one sees that
In what follows we will use the notation W ss r (x) to denote the disk {z ∈ W ss loc (x) :
be the global invariant manifold for x ∈ Λ. Then we have the following lemma which is [13, Lemma 3.7].
Lemma 2.5. The global invariant manifolds W ss (x) have the following properties:
Proof. Assume the contrary that there is a point x ∈ (W ss (σ) \ {σ}) ∩ Λ. Note that X(x) = 0. By the invariance of W ss (σ) we know that Orb(x) ⊂ W ss (σ) and hence X(x) ∈ T x W ss (σ) = T x (W ss (x)). By Item 1, T x (W ss (x)) = E ss (x). Then X(x) ∈ E ss (x). On the other hand, by Lemma 2.2 we have X(x) ∈ E cu (x). This is a contradiction, proving (W ss (σ) \ {σ}) ∩ Λ = ∅.
Lemma 2.7. Let σ ∈ Λ be a singularity and z ∈ W s (σ) ∩ Λ. For any y ∈ Orb(z), if y = z, then W ss loc (y) ∩ W ss loc (z) = ∅. Proof. Assume the contrary that there are distinct points y, z in the orbit of z ∈ W s (σ) with W ss loc (y) ∩ W ss loc (z) = ∅. Without loss of generality, we can assume that z = ϕ τ (y) with τ > 0. It is easy to see that W ss loc (y) ∩ W ss loc (z) = ∅ implies W ss loc (ϕ nT (y)) ∩ W ss loc (ϕ nT (z)) = ∅ for all n ≥ 0. Since y, z ∈ W s (σ), the two points ϕ t (y), ϕ t (z) will be arbitrarily close to σ for t big enough. By Lemma 2.6, y, z / ∈ W ss (σ). Replacing y, z by ϕ nT (y), ϕ nT (z) if necessary, we can assume that
. We can find two curves γ 1 ⊂ W ss loc (y) connecting y, ζ and γ 2 ⊂ W ss loc (z) connecting z, ζ. Without loss of generality we assume that the tangent space of γ 1 (and γ 2 too) is close to E ss (σ). Denote by l(γ) the length of the curve γ. By the domination of the splitting E ss (σ) ⊕ E c (σ) we see that l(ϕ t (γ 1 )) l(ϕ t (γ 0 )) → 0 and l(ϕ t (γ 2 )) l(ϕ t (γ 0 )) → 0 as t → +∞. Then for t big enough, l(ϕ t (γ 0 )) is close to d(ϕ t (y), ϕ t (z)), l(ϕ t (γ 1 )) is close to d(ϕ t (y), ϕ t (ζ)), and l(ϕ t (γ 2 )) is close to d(ϕ t (z), ϕ t (ζ)). Thus we have
as t → +∞. This is a contradiction. 
. Without loss of generality, we can assume that d(ϕ t (x 0 ), σ) < ǫ 0 /2 for all t ≥ 0.
, σ) > ε 1 for any t in the interval between 0 and τ .
In fact, we can take ε ′
This ends the proof of Claim 1.
Since W ss loc is expanding for ϕ −T and we have also an upper bound for Dϕ −T , there is r > 0 such that for any x ∈ Γ and any y ∈ W ss r (x) \ {x}, one can find n > 0 such that ϕ −nT (y) ∈ W ss loc (f −n (x))\W ss r (f −n (x)). Denoted CW s r = x∈Γ (W ss loc (x)\ W ss r (x)). From Lemma 2.7 we know Γ ∩ CW s r = ∅. Since Γ, CW s r are compact, we can find a neighborhood U of Γ such that U ∩ CW s r = ∅. There is ε 2 > 0 such that B(y, ε 2 ) ⊂ U for all y ∈ Γ.
Note that dim W ss (x) = dim W s (σ) − 1 for all x ∈ Γ and W ss (x) varies continuously on x. By applying the Brouwer's invariance of domain theorem, for a given τ > 0, the set t∈(−τ,τ ) W ss r (ϕ t (x 0 )) forms a neighborhood of x 0 in W s ǫ0 (σ). Hence we can take ε 3 > 0 such that for any point y ∈ W s ǫ0 (σ) with d(y, x 0 ) < ε 3 , one can find some t ∈ R such that y ∈ W ss r (ϕ t (x 0 )). Let ε 0 = min{ǫ 0 /2, ε 1 , ε 2 , ε 3 }. We will show that for any δ > 0, there is a δ-pseudo orbit that can not be ε 0 shadowed by a true orbit.
Let δ > 0 be given. Without loss of generality we assume δ < ε 0 . We can find a point y 0 in the negative orbit of x 0 such that d(y 0 , σ) < δ, and then a positive number t 0 big enough such that ϕ t0 (y 0 ) is in the positive orbit of x 0 and d(ϕ t0 (y 0 ), σ) < δ. Let y 1 = σ, t 1 = 1 and y 2 = y 0 , t 2 = t 0 and y i = σ, t i = 1 for i = 0, 1, 2. One can easily check that {(y i , t i ) : i ∈ Z} is a δ-pseudo orbit. We will show that this pseudo orbit can not be ε 0 shadowed by a true orbit.
Assume the contrary that there is z ∈ M and an increasing homeomorphism θ : R → R such that d(ϕ t−si (y i ), ϕ θ(t) (z)) < ε 0 for all t ∈ [s i , s i+1 ] where s i is a sequence with s 0 = 0 and s i − s i−1 = t i for all i. One can easily check that d(ϕ θ(t) (z), σ) < ε 0 for any t > 2t 0 + 1 and any t < 0. By the choice of ε 0 ≤ ǫ 0 we can see that ϕ θ(2t0+1) (z) ∈ W s ǫ0 (σ) and ϕ θ(0) (z) ∈ W u ǫ0 (σ). This implies that z ∈ W s (σ) ∩ W u (σ).
Claim 2. z is not contained in Γ.
In fact, by the construction of the pseudo orbit, there is 0 < τ 1 < t 0 such that x 0 = ϕ τ1 (y 0 ) and hence x 0 = ϕ τ1 (y 2 ) Thus d(x 0 , ϕ θ(τ1) (z)) < ε 0 , d(σ, ϕ θ(t0) (z)) < ε 0 , and d(x 0 , ϕ θ(t0+1+τ1) (z)) < ε 0 . Since θ is an increasing homeomorphism we know that θ(τ 1 ) < θ(t 0 ) < θ(t 0 + 1 + τ 1 ). Since d(x 0 , σ) > ε 1 ≥ ε 0 , z can not be σ because the orbit of z cross the ε 0 neighborhood of x 0 . Now we prove that z is not contained in the orbit of x 0 . Assume that z is in the orbit of x 0 and z = ϕ s (x 0 ). Then we can find
, contradicting Claim 1. This proves that z is not in the orbit of x 0 , proving Claim 2.
Note that we have chosen x 0 with the property
). This implies that ϕ −nT (z) is not in the ε 0 neighborhood of Γ. This contradicts the shadowing property and ends the proof of Proposition 2.8.
Proof of Theorem A. Let Λ be a singular hyperbolic chain transitive set of X and σ ∈ Λ be a singularity. Without loss of generality we assume that Λ is positively singular hyperbolic with splitting E ss ⊕ E cu . Assume Λ has the intrinsic shadowing property. By Lemma 2.4, there is a point x 0 ∈ (W s (σ) ∩ W u (σ) ∩ Λ) \ {σ}. It is easy to see that Γ = Orb(x 0 ) ∪ {σ} is singular hyperbolic and has the shadowing property, contradicting Proposition 2.8. This ends the proof of Theorem A.
3. The Proof of Theorem B. In this section we prove that if a star flow X has the shadowing property on its chain recurrent set, then X satisfies Axiom A and no cycle condition.
Let us recall the definition of the linear Poincaré flow. For x ∈ M \ Sing(X), set
X(ϕ t (x)) for every v ∈ N . ψ t is called the linear Poincaré flow with respect to X. Let Λ be a compact invariant set of ϕ t . We say that Λ \ Sing(X) admits a dominated splitting N Λ\Sing(X) = ∆ s ⊕ ∆ u of index i with respect to ψ t if the following three conditions are satisfied:
1. dim(∆ s (x)) = i for all x ∈ Λ \ Sing(X); 2. ∆ s and ∆ u are ψ t invariant, that is ψ t (∆ s (x)) = ∆ s (ϕ t (x)) and ψ t (∆ u (x)) = ∆ u (ϕ t (x)) for all x ∈ Λ \ Sing(X) and t ∈ R; 3. there exist C ≥ 1 and λ > 0 such that
for any x ∈ Λ \ Sing(X) and t ≥ 0. Since generally the normal spaces N x on regular points x ∈ M \ Sing(X) can not be (in a unique way) extended to a singularity, the dominated splitting on Λ \ Sing(X) can not be extended to the singularity, which causes a difficulty of non-compactness. The notion of the extended linear Poincaré flow introduced by Li-Gan-Wen [7] 
Then we define the normal bundle N SM by attaching the linear space N e as the fiber of e ∈ SM . Note that for a given vector field X, N X(x)/ X(x) = N x . Then we extend the linear Poincaré flow ψ t of X to a flow
, for every v ∈ N e . Let K ⊂ SM be a compact invariant set of Φ # t . We say that K admits a dominated splitting N K = ∆ s ⊕ ∆ u of index i with respect toψ t if the following three conditions are satisfied:
1. dim(∆ s (e)) = i for all e ∈ K; 2. ∆ s and ∆ u areψ t invariant, that is,ψ t (∆ s (e)) = ∆ s (Φ # t (e)) andψ t (∆ u (e)) = ∆ u (Φ # t (e)) for all e ∈ K and t ∈ R; 3. there exist C ≥ 1 and λ > 0 such that ψ t | ∆ s (e) · ψ −t | ∆ u (Φ # t (e)) ≤ Ce −λt for any e ∈ K and t ≥ 0. For a compact invariant set Λ of ϕ t , denotẽ
where the closure is taken in the sphere bundle SM . It is easy to see that if there is a dominated splitting N Λ\Sing(X) = ∆ s ⊕ ∆ u of index i with respect to ψ t , then there is a dominated splitting NΛ = ∆ s ⊕ ∆ u of index i with respect toψ t onΛ such that ∆ s (e) = ∆ s (j(e)) and ∆ u (e) = ∆ u (j(e)) for any e ∈ j −1 (Λ \ Sing(X)) ∩Λ.
Note that for simplicity we have used the same notation ∆ s ⊕ ∆ u for bundles of different bases. Let σ be a hyperbolic singularity of a vector field X. We can list all Lyapunov exponents of Φ 1 | TσM (counting the multiplicities) as
The saddle value sv(σ) of σ with respect to X is defined by
We say that σ is positively Lorenz-like for X if λ s has multiplicity 1 (that is, λ s−1 < λ s )and sv(σ) > 0. We say that σ is Lorenz-like for X if σ is either positively Lorenz-like for X or positively Lorenz-like for −X.
Let σ be a Lorenz-like singularity of X. If sv(σ) > 0, we denote by E c (σ) the eigenspace of Φ 1 | Tσ M associated with the eigenvalue e λs , and E ss (σ) the direct sum of all generalized eigenspaces of Φ 1 | Tσ M associated with the eigenvalues with norm less than e λs . Denote W ss (σ) the strong stable manifold of σ tangent to E ss (σ) at σ. Similarly, if sv(σ) < 0, we denoted by E c (σ) the eigenspace of Φ 1 | Tσ M associated with the eigenvalue e λs+1 , and E uu (σ) the direct sum of all generalized eigenspaces of Φ 1 | TσM associated with the eigenvalues with norm bigger than e λs+1 . Also, denote W uu (σ) the strong unstable manifold of σ tangent to E uu (σ) at σ. Now we prove the following proposition. Proof. By changing to an equivalent Riemannian metric, we can assume that the three bundles
LetΓ be the closure of the set
in SM . The dominated splitting ∆ s ⊕ ∆ u over Orb(x 0 ) can be uniquely extended to a dominated splitting ∆ s ⊕ ∆ u onΓ, that is, there is aψ t invariant splitting NΓ = ∆ s ⊕ ∆ u with constants C ≥ 1, λ > 0 such that ψ t | ∆ s (e) · ψ −t | ∆ u (Φ # −t (e)) < Ce −λt for all e ∈ Γ and t ≥ 0. Moreover, we know that dim(∆ s (e)) = Ind(σ) − 1 for every e ∈Γ.
Claim. There are C ≥ 1, λ > 0 such that
for all e ∈Γ and t > 0.
In fact, since x 0 ∈ W s (σ) \ W ss (σ), for any accumulation point e of
we have e ∈ E c (σ). By the invariance of the unstable manifold W u (σ), the accumulation points of
By assumption E ss (σ), E c (σ), E u (σ) are mutually orthogonal, hence for any e ∈Γ ∩ T σ M one has E ss (σ) ⊂ N e . Thus there is a splitting N e = E ss (σ) ⊕ (N e ∩ (E cu (σ))) for any e ∈Γ ∩ T σ M . By the invariance of E ss (σ) and E cu (σ) under Φ t and the invariance ofΓ ∩ T σ M under Φ # t , we know thatψ t (E ss (σ)) = E ss (σ) and ψ t (N e ∩ (E cu (σ))) = N Φ # t (e) ∩ E cu (σ). Since E ss (σ) ⊕ E cu (σ) is a dominated splitting w.r.t Φ t , for some big T > 0 we will have for every t > T . Thus
for any e ∈Γ ∩ T σ M and t > T . Similarly by the continuity of ∆ u (e) we know that for |s| large one has
for any t > T . Hence for any s ∈ R, we can find t > 0 large enough such that ϕ [0,t] (ϕ s (x 0 )) stay near σ long enough so that
By the compactness of Γ there are C ≥ 1, λ > 0 such that
for all e ∈Γ and t > 0. This ends the proof of the Claim.
The inequality ψ t | ∆ s (e) Φ t (e) < Ce −λt tells that ∆ s dominates the flow direction. It is a "mixed" domination as ∆ s is invariant under ψ t while the flow direction is invariant under Φ t . Now we can finish the proof of the lemma in the same way as Proposition 4.5 of [15] does. We just give a sketch. Let E cu (ϕ t (x 0 )) =< X(ϕ t (x 0 )) > ⊕∆ u (ϕ t (x 0 ). This gives a subbundle E cu over Γ. Since
for all e ∈Γ and all t ∈ R, one sees that
for all t ∈ R. Denote by η 1 and η 2 the largest two Lyapunov exponents of Φ −1 | E cu , then η 1 has multiplicity 1 and η 1 + η 2 < 0, and then E cu is area expanding by Proposition 3.4 of [15] . On the other hand, since
for all e ∈Γ, by applying Lemma 5.6 of [7] we can find a Φ t invariant bundle E ss that matches E ss (σ) at the singularity σ. Since ∆ s ⊕ < X > and ∆ s ⊕ ∆ u are dominated splittings one can check that E ss ⊕ E cu is a dominated splitting and E ss is contracting with respect to Φ t . This proves that Γ is positively singular hyperbolic, and completes the proof of Proposition 3.1.
The following property of star flows was proven in [12] . . Let X be a star vector field and σ be a singularity of X. If C(σ) is nontrivial, then σ is Lorenz-like for X.
Let σ be a Lorenz-like singularity. If sv(σ) > 0, we set Ind p (σ) = Ind(σ)−1, and if sv(σ) < 0, we set Ind p (σ) = Ind(σ). This notion of Ind p (σ) is referred to as the periodic index of σ in [12] , which tells the possible index of periodic orbits arising from perturbations of a homoclinic loop of σ, as stated in the next Proposition which is Lemma 4.4 of [12] . Proposition 3.3. Let X be a star vector field and σ be a singularity. If there is a homoclinic point x 0 ∈ (W s (σ) ∩ W u (σ)) \ {σ}, together with a sequence X n and a sequence of periodic orbits γ n of X n such that X n → X and γ n → (Orb(x 0 ) ∪ {σ}) as n → ∞, then Ind(γ n ) = Ind p (σ) for large n.
The following proposition is Theorem 3.6 of [12] . Lemma 3.5. Assume that X is a star vector field that has the shadowing property on CR(X). If there is a singularity σ with C(σ) nontrivial, then there is a point x 0 ∈ (W s (σ) ∩ W u (σ)) \ {σ} such that the compact invariant set Γ = Orb(x 0 ) ∪ {σ} is singular hyperbolic.
Proof. By Proposition 3.2 we know that σ is Lorenz-like. With out loss of generality we assume that σ is positively Lorenz-like. By Lemma 2.4, there is x 0 ∈ (W s (σ) ∩ W u (σ)) \ {σ} as C(σ) is chain transitive. We show that Γ = Orb(x 0 ) ∪ {σ} is positively singular hyperbolic.
It is easy to see that Γ ⊂ C(σ). By Proposition 3.4 we know that x 0 / ∈ W ss (σ). By a perturbation near the singularity, we can get a sequence X n → X with a periodic orbit γ n of X n such that γ n → Γ in the Hausdorff metric as n → ∞. By Proposition 3.3 we know that for n large, the index of γ n is Ind(σ) − 1. For any t ∈ R, we can find a sequence of p n ∈ γ n with p n → ϕ t (x 0 ) such that N s pn accumulate on ∆ s ϕt(x ) and N u pn accumulate on ∆ u ϕt(x ) as n → ∞. Since N s pn ⊕ N u pn are uniformly dominated [8] , the splitting N Orb(x0) = ∆ s ⊕ ∆ u is a dominated splitting of index Ind(σ)−1 with respect to ψ t . By Proposition 3.1, Γ is a positively singular hyperbolic set.
A point x is called a preperiodic point of X if there is a sequence X n → X together with periodic points p n of X n such that p n → x as n → ∞. Denote by P * (X) the set of all preperiodic points of X. The following proposition is Theorem A' of [4] . Proposition 3.6. If X is a star vector field and P * (X) contains no singularity, then X satifies Axiom A and the no-cycle condition. Now we prove the main theorem of this section.
Theorem B. If X is a star vector field that has the shadowing property on CR(X), then X satisfies Axiom A and the no-cycle condition.
Proof. Assume X is a star vector field that has the shadowing property on CR(X). It suffices to prove that P * (X) contains no singularity. Assume the contrary that there is a singularity σ ∈ P * (X). There is a sequence X n together with a periodic orbit γ n of X n and p n ∈ γ n with lim n→∞ p n = σ. Without loss of generality we assume that γ n has a limit in the Hausdorff metric. Since σ is hyperbolic,
